Abstract. We prove the Kawaguchi-Silverman conjecture (KSC), about the equality of arithmetic degree and dynamical degree, for every surjective endomorphism of any (possibly singular) projective surface. In high dimensions, we show that KSC holds for every surjective endomorphism of any Q-factorial Kawamata log terminal projective variety admitting an int-amplified endomorphism, provided that KSC holds for any surjective endomorphism with the ramification divisor being totally invariant and irreducible. In particular, we show that KSC holds for every surjective endomorphism of any rationally connected smooth projective threefold admitting an int-amplified endomorphism. The main ingredients are the equivariant minimal model program, the effectiveness of the anti-canonical divisor and a characterization of toric pairs.
Remark 1.9. Condition (A5) of Case TIR implies that dim(X) ≥ 3. Recently, Matsuzawa and Yoshikawa constructed in [23, §7] an interesting example: a klt rational surface X satisfying all the conditions of Case TIR 2 except (A4) and (A5). Moreover, X admits an (equivariant) quasi-étale cover which is a (smooth) ruled surface over an elliptic curve, and the totally invariant divisor D there is an elliptic curve.
A projective variety X is said to be rationally connected, in the sense of Campana and Kollar-Miyaoka-Mori ([4] , [18] ), if two general points of X(C) are connected by a rational curve, after taking one (and hence every) embedding of the defining field of X into C; see also [17 Let X be a rationally connected smooth projective variety admitting an int-amplified endomorphism f with totally invariant ramification. In [27, Corollary 1.4] , the authors showed that X is then toric if f is polarized. For the int-amplified case, the difficulty lies in showing the semistablity for the reflexive sheaf of germs of logarithmic 1-forms; see Section 10 for the details. Nevertheless, we are able to prove the following: Proposition 1.10. (cf. Proposition 10.7) Let f : X → X be an int-amplified endomorphism of a rationally connected smooth projective variety X with totally invariant ramification, i.e., f −1 (Supp R f ) = Supp R f . Suppose that X admits some MMP
where X i X i+1 is birational and X r → Y is a Fano contraction. Then X i is a toric variety for each i. In particular, KSC holds for any surjective endomorphism of X i .
By Proposition 1.10, one can rule out Case TIR 3 during any MMP starting from a rationally connected smooth projective threefold. Namely, we have: Theorem 1.11. Let X be a rationally connected smooth projective threefold admitting an int-amplified endomorphism. Then KSC holds for any surjective endomorphism of X. The numerical equivalence implies weak numerical equivalence; see [26, Section 2] .
We use the following notation throughout the paper unless otherwise stated.
Pic(X) the group of Cartier divisors of X modulo linear equivalence ∼ Pic K (X) Pic(X) ⊗ Z K with K = Q, R, C Picard number of X which is dim R N 1 (X) Definition 2.1. Let f : X → X be a surjective endomorphism of a variety X and Z ⊆ X a subset. Z is said to be f -invariant (resp. f −1 -invariant) if f (Z) = Z (resp. f −1 (Z) = Z). Z is said to be f -periodic (resp. f −1 -periodic) if f s (Z) = Z (resp. f −s (Z) = Z) for some s > 0.
Definition 2.2. (Dynamical degree; δ f , ι f ) Let f : X → X be a surjective endomorphism of a projective variety X. The (first) dynamical degree δ f of f is defined as the spectral radius of f * | N 1 (X) . Another equivalent definition is
where H is any nef and big Cartier divisor of X. Denote by ι f the minimum of eigenvalues of f * | N 1 (X) . When X is smooth over the complex field, δ f (resp. ι f ) is equal to the maximum (resp. minimum) of eigenvalues of f * | H 1,1 (X,R) (cf. [7] , [8, §4] ). Note that
Definition 2.3. (Weil height function and arithmetic degree) Let X be a normal projective variety defined over Q. We refer to [16] or [21, Section 2.2] for the detailed definition of the Weil height function h D : X(Q) → R associated with some R-Cartier divisor D on X. Here, we simply list some fundamental facts which will be used later.
• h E is bounded below outside Supp E for any effective Cartier divisor E.
• h a i D i = a i h D i + O(1) where O(1) means some bounded function.
• Let π : X → Y be a surjective morphism of normal projective varieties and B some R-Cartier divisor of Y . Then h B (π(x)) = h π * B (x) + O(1) for any x ∈ X(Q).
The arithmetic degree α f (x) of f at x ∈ X(Q) is defined as
where H is an ample Cartier divisor. This limit exists and is independent of the choice of H (cf. [15, Theorem 2] , [16, Proposition 12] ). Moreover, α f (x) is either 1 or the absolute value of an eigenvalue of f * | N 1 (X) (cf. [15, Remark 23] ). Note that α f (x) ≤ δ f and α f s (x) = α f (x) s . This allows us to replace f by any positive power whenever needed.
In the rest of this section, we list several fundamental results about KSC which are important and will be frequently used in the rest of the paper. 
Proof. For the convenience of the reader, we give a quick proof of this well known result.
Let W be the graph of π and p X : W → X and p Y : W → Y the two projections. Here p X is a birational morphism and p Y is a surjective morphism. Denote by h : W → W the lifting of f . Let H be any ample Cartier divisor of X. By the projection formula,
The proof of the following lemma is taken from [21, Lemma 5.6].
Lemma 2.5. Let π : X Y be a dominant rational map of projective varieties. Let f : X → X and g : Y → Y be surjective endomorphisms such that g • π = π • f . Then the following hold.
(1) Suppose π is generically finite. Then KSC holds for f if and only if KSC holds for g.
(2) Suppose δ f = δ g and KSC holds for g. Then KSC holds for f .
Proof. For (1), by taking the graph of π, it suffices for us to consider the case when π is a generically finite surjective morphism. By Lemma 2.4, δ f = δ g . Let x be a closed point
Take any x ∈ X with Zariski dense orbit. Let H be an ample Cartier divisor of Y . We have
Since π is generically finite, we may write π * H = A + E for some ample Cartier divisor H and effective Cartier divisor E after replacing H by a multiple.
There exists an infinite sequence n 1 < n 2 < · · · such that {f
This implies that α g (π(x)) ≥ α f (x). So (1) is proved.
For (2), we may assume that π is a surjective morphism by (1) . By the first equality, (2) Proof. Let g : X → X be a surjective endomorphism. There exists a finite surjective morphism π : A → X with A being an abelian variety, such that g lifts to a surjective endomorphism f : A → A (cf. [34] or [5, Corollary 8.2] ). Then the result follows from [38, Theorem 2] and Lemma 2.5.
Pullback Action on Pic(X)
In this section, we discuss the relation between f * | Pic 0 (X) and f * | N 1 (X) .
Proposition 3.1. Let f : A → A be an isogeny of an abelian variety A. Denote by A C := A ⊗ Z C and f C : A C → A C the induced linear map. Let λ be an eigenvalue of f C .
Proof. After embedding the defining field of A and f in C, we may assume that A is defined over C. Suppose f C (x) = λx for some λ = 0 and 0
be the characteristic polynomial of f * | H 1 (A,Z) . Then P f (f ) = 0 and hence
Then λ is a root of P f and hence an
Proof. We may replace the base field by C. Note that the dual of a translation is still a translation and the pullback action of a translation on N 1 (A) is always an identity. So we may assume that f is an isogeny. Let m f ∈ Z[t] be the minimal polynomial of f
have the same eigenvalues. The lemma is proved.
Proposition 3.3. Let f : X → X be a surjective endomorphism of a normal projective variety X whose Albanese morphism is surjective. Let λ be an eigenvalue of f
Proof. Let π : X → A be the Albanese morphism. Note that A is the dual of Pic 0 (X).
Denote by
Since π is surjective,
Then the result follows from Proposition 3.1.
Proposition 3.4. Let f : X → X be an int-amplified endomorphism of a normal projective variety X. Then all the eigenvalues of f * | Pic Q (X) are of modulus greater than 1.
Proof. Note that NS C (X) = Pic C (X)/ Pic Lemma 19] ) Let f : X → X be a morphism. Then there is a monic integral polynomial P f (t) ∈ Z[t] with the property that P f (f * ) annihilates Pic(X).
Definition 3.6. Let f : X → X be a surjective endomorphism of a projective variety X.
Denote by E f (D) the convex cone of effective R-Cartier divisors in V f (D). Note that E f (D) does not contain any line. However, the closure of E f (D) may contain lines.
We need the following to show the effectiveness of anti-canonical divisor in Section 6.
Proposition 3.7. Let f : X → X be a surjective endomorphism of a projective variety X. Then the following hold.
(
Proof. By Lemma 3.
Equivariant Minimal Model Program for Surfaces
In this section, we recall the (monoid) equivariant minimal model program for a (possibly singular) normal projective surface admitting a non-isomorphic endomorphism. 
, we are done by letting n 0 = det(A).
Let X be a normal projective surface. By [42, Lemma 3.2] , there is a natural embedding
. Let C be an irreducible curve on X. We say that C has negative self-
of the choice of D (cf. Lemma 4.1). Denote by R C := R ≥0 [C] the ray generated by [C] in NE(X). Denote by Σ C the union of curves whose classes are in R C . Let f : X → X be a surjective endomorphism. The projection formula implies that f (Σ C ) = Σ f (C) and
Lemma 4.2. Let X be a normal projective surface with only log canonical (lc) singularities. Let π : X → Y be a divisorial contraction of some K X -negative extremal ray having the exceptional divisor E = E i with E i irreducible. Then Y has only lc singularities.
Further, E 2 i < 0 and
Proof. Y is lc by [11, Theorem 3.3] . In particular, K Y is Q-Cartier.
we have a i > 0 for each i by the negativity lemma (cf. [19, Lemma 3.39] ). Note that the rays R E i = R E j in N 1 (X) and
Let X be a normal projective surface. Denote by S(X) the set of all irreducible curves C on X with negative self-intersection and Σ C being a finite union of irreducible curves.
) Suppose X is a normal projective surface. Then we have:
(2) Suppose X has a non-isomorphic surjective endomorphism. Then S(X) is finite;
and f −t 0 (C) = C for any f ∈ SEnd(X) and C ∈ S(X) where t 0 = |S(X)|!.
. By the projection formula,
On the other hand, Σ f (C) = f (Σ C ). Therefore (1) is proved.
For (2), let g ∈ SEnd(X) be a non-isomorphic one.
Claim 4.4. For any f ∈ SEnd(X) and C ∈ S(X), f −1 f (C) = C.
Since f −1 f (Σ C ) = Σ C , our f −1 induces a bijection between the (finitely many) irreducible components of Σ f (C) and Σ C . Since C ⊆ f −1 f (C), the claim is proved.
Claim 4.5. For some t > 0, g t (C) ⊆ Supp R g , where R g is the ramification divisor of g.
Suppose the contrary. By Claim 4.4, we have g * (g t (C)) = g t−1 (C) and hence (g t ) * C = (deg g) t g t (C) for any t > 0. Therefore,
By Lemma 4.1, n 2 0 g t (C) 2 ∈ Z <0 for any t > 0. Note that C 2 < 0 and deg g > 1. Then we get a contradiction by letting t ≫ 1. The claim is proved.
which is a finite set. For any C ∈ S(X), g i (C) = g j (C) ∈ S 0 (X) for some i > j > 0 by Claim 4.5. Let s C = i − j which is determined by C. Then
, hence it is a finite set.
Let C ∈ S(X). By Claim 4.5, C 0 := g t (C) ∈ S 0 (X) for some t > 0. There exist some integers a > 0 and b ≥ 0 such that as = t + b and 0 ≤ b < s. By Claim 4.4 and the choice of s, we have
Finally, by (1) and Claim 4.6, for any f ∈ SEnd(X) and C ∈ S(X), we have
So (2) is proved.
A submonoid G of a monoid Γ is said to be of finite-index in Γ if there is a chain of finite index such that G| S(X) = id. So π is G-equivariant. Since G and hence G| Y admit non-isomorphic endomorphisms, we may replace X by Y and repeat the argument.
KSC for Surfaces: Proof of Theorem 1.3
In this section, we will prove KSC for surfaces. Indeed, we provide a very detailed characterization of a non-isomorphic surjective endomorphism f : X → X of a normal projective surface X. Note that such X has log canonical (lc) singularities by [40, Theorem 2.8] . In particular, the canonical divisor K X is Q-Cartier.
First, we recall a result of Nakayama which characterizes the case when the canonical divisor is pseudo-effective.
Let f : X → X be a non-isomorphic surjective endomorphism of a normal projective surface X with K X being pseudo-effective. Then K X is nef, f is quasi-étale, and there is a quasi-étale finite Galois cover ν : V → X such that ν • f V = f ℓ • ν for a non-isomorphic surjective endomorphism f V of V and a positive integer ℓ, and that V and ν satisfy exactly one of the following conditions:
(1) V is an abelian surface.
(2) V ∼ = E × T for an elliptic curve E and a smooth projective curve T of genus ≥ 2.
Moreover, f V and f have no Zariski-dense orbit.
Proof. This follows from [32, Theorem 7.1.1] by letting the totally invariant divisor S = 0
there. In fact, we only have Cases (3) and (2) there corresponding to our Cases (1) and (2) here. For our Case (2), we only need to check the assertion about the non-existence of dense orbits. For this, note that f V (E × {t}) has genus ≤ 1 (an elliptic curve, indeed) and it cannot dominate T which is of genus ≥ 2. Thus f : V → V descends to a surjective endomorphism h : T → T by the rigidity lemma [6, Lemma 1.15]. Since T has genus ≥ 2, this h has finite order. So f V and hence f have no Zariski-dense orbit.
We refer to [10, Theorem 1.1 (4) iii] for the cone theorem frequently used late on. (2) There is a δ f -polarized endomorphism h :
In particular, there is a finite surjective morphism τ :
Proof. First, X has rational singularities, hence Q-factorial (cf. Note that δ g is a positive integer. Since π
and
imply that δ f = δ g , contradicting the assumption. Thus, 
and Supp D b are non-empty and have no common irreducible component. Since
In particular, D a is semi-ample. Replacing D by mD a for some m > 0, we may assume D is base point free. Then the Iitaka fibration φ : X → B is a morphism with B being a smooth projective curve. Note that D ∼ Q φ * H for some ample
is a point if and only if so is φ(f (C)). Since the Iitaka fibration φ has connected fibres,
there is a surjective endomorphism h :
This proves the assertion (1) of the theorem. For the assertion (2), τ is naturally induced by the two fibrations π and φ. It is finite because
Therefore, to prove the theorem, we only need to show Claim 5.3 which will be proved in several steps below.
Step 1 Step 2. From now on, we assume that
. So K X is numerically parallel to one of D and F and it must be the former since −K X and D are relatively ample (but not F ) over
Step 3. Suppose D 1 is not f −1 -periodic. Then there exists infinitely many different irreducible curves E t such that f * E t = e t E t−1 for some integer e t > 0 and Step 4. Now we may assume that f −1 (D i ) = D i for every i after replacing f by a positive power. Then f
Suppose Supp R f is not irreducible. Then we have D 1 ≡ tD 2 for some rational number
for some positive integer m and
is not a torsion. Hence g * has an eigenvector in Pic 0 C (Y ) corresponding to the eigenvalue δ f > 1; thus the condition of Proposition 3.3 cannot be satisfied, i.e., the Albanese morphism of X is not surjective. So the genus of Y is at least 2, and then g has finite order and all the eigenvalues of g * | Pic 0 C (Y ) are roots of unity, again a contradiction.
Step 5. Finally, we are left with the case that Supp R f = D 1 is irreducible and 
that X is lc, thus we can run MMP of X (cf. [11, Theorem 1.1]). Now let C be any negative curve of X. By Lemma 4.3, f −1 ( C) = C after replacing f by a positive power. Write
Since p 1 is finite, p 1 ( C) is not a point and hence either t = δ f or δ g . However, We now characterize the case when the canonical divisor is not pseudo-effective.
Theorem 5.4. Let f : X → X be a non-isomorphic surjective endomorphism of a normal projective surface X with K X not being pseudo-effective. Then, replacing f by a positive power, one of the following holds.
(1) f is polarized and f
(3) ρ(X) = 2; there exist a finite surjective morphism τ : X → P 1 ×Y and a surjective endomorphism h :
Proof. Note that X is lc by [40 replacing f by a positive power, we may run f -equivariant MMP . Suppose now that Y is a curve and f r is not polarized. We claim that r = 1. Replacing X by X r−1 , it suffices for us to consider the case when r = 2. Let E be the exceptional divisor of π 1 : X → X 2 . Then f −1 (E) = E and write f * E = tE for some t > 0. Let
where a > 0 and F 2 is the strict transform of F 2 in X. Since
hence the two eigenvalues of f * 2 | N 1 (X 2 ) are both δ g . Since deg f > 1, f is then polarized, a contradiction. So the claim is proved. In particular, ρ(X) = 2.
The theorem is finished then by applying Theorem 5.2. 
Hence Supp f 
The first equality is from Supp D = Supp f * D, while the second follows from (deg
Theorem 6.2. Let X be a Q-Gorenstein normal projective variety admitting an intamplified endomorphism f . Then we have:
Supp R g ⊆ Supp D, i.e., g| X\D : X\D → X\D is quasi-étale, for any surjective endomorphism g of X.
Proof.
(1) We use the notation in Definition 3.6. By the ramification divisor formula, Replacing f by a positive power, we may assume
Since κ(X, R f ) = 0 and q i > 1, we have a i = 1 for each i. The last assertion of (2) follows from Proposition 6.1 since g
7. Anti-Iitaka Fibration: Proof of Proposition 1.6
In this section, we focus on the case when f * K X ≡ δ f K X and κ(X, −K X ) > 0. We show that the Chow reduction of the Iitaka fibration π :
By some further cone analysis, we show that f | Y is δ f -polarized.
We first recall the definition and properties of the Chow reduction in [33, Proposition 4.14 and Definition 4.15], using the formulation in his RIMS preprint version. 
We call the composition µ • π : X T above satisfying Proposition 7.1 (1) -(2) the Chow reduction of π : X Y , which is unique up to isomorphism. Then his argument there further shows that g is a surjective endomorphism. His polarized assumption is only used to show that g is polarized. We now recall some fundamental results about Iitaka fibrations. Proof. Let s 0 , · · · , s m(1) be a basis of H 0 (X, tD 1 ) and let t 0 , · · · , t m(2) be a basis of
· · · : t m(2) (x)), so that p i is the composition of the Iitaka fibration φ tD i : X Y i and em- 
Proof. Let φ f * |tD| : X Z be the dominant rational map defined by f * |tD| where |tD| is the complete linear system of tD. Clearly, Z = Y and φ f * |tD| = φ tD • f . Since f * |tD| is a sub linear system of |tf * D|, by the argument in the proof of Lemma 7.3, there is a
We recall the following well-known useful result. 
By the ramification divisor formula, we have f * (−K X ) = −K X + R f . By Lemma 7.5,
Lemma 7.7. Consider the following commutative diagram of normal projective varieties
where φ mD is the Iitaka fibration of some effective Cartier divisor D of X with m ≫ 1, σ W is a birational morphism, σ Y is a birational map, and φ W is a surjective morphism.
Let F ⊆ PE 1 (W ) be the minimal extremal face containing σ *
Proof. Taking a sufficiently high resolution i : W ′ → W , we have a birational morphism
where d is a free linear system and ∆ is the fixed component. Then
Consider the following commutative diagram
where Y is the graph of σ Y , p 1 and p 2 are the two (birational) projections, and j is a morphism induced by the two morphisms φ W • i and φ d .
Let H be an effective Cartier divisor of Y . The class of E ′ := p * 1 sA − p * 2 H is the class of an effective divisor for some s ≫ 1. Note that
Taking the pushforward of i, we have
Since F is the minimal extremal face of PE
Theorem 7.8. Let f : X → X be a surjective endomorphism of a Q-Goreinstein normal projective variety X such that f * K X ≡ qK X for some integer q > 1. Suppose Let W be the normalization of the graph of π. We have the following commutative Proof of Proposition 1.6. We may assume δ f > 1. Then the theorem follows directly from Theorem 7.8, Lemma 2.5 and Proposition 2.7.
Case TIR: Conditions (A1) -(A4) Imply Condition (A5)
In this section, we show that in Case TIR, Conditions (A1)-(A4) imply Condition (A5).
The main idea is to take the double cover as in Step 5 of the proof of Theorem 5.2.
We first recall the result below. k (Z). In the rest of the proof, we always assume k ≫ 1.
By the projection formula, we have
with the last equality by [24, Lemma 3.8], a contradiction. very ample divisors H i of X such that H 1 · · · H n−r · π * C = 0. Since X is normal, we may assume H 1 is a normal variety (cf. [36] ). Inductively, by the Bertini's theorem, we may assume that each
is an irreducible normal subvariety (and a Cartier divisor) of Z s−1 with dim(Z s ) = n−s ≥ r ≥ 1, and π| Zs :
for some e > 0. Note that n − r ≥ d. By the projection formula:
contradicting that C ≡ w 0.
Proposition 8.4. Let f : X → X be a surjective endomorphism of a Q-factorial lc projective variety X. Let π : X → Y be an f -equivariant Fano contraction with general
Proof. Note that D| F is ample, hence and j a i j the i-th degree of (a i j ).
Note that
where the degree sequence of each term of ∆ is larger than (a i j ). Thus We may write i j y c i j i j ≡ tF on X for some 0 = t ∈ C. Since D| F is ample, we have
Finally, we have δ Then π and f are quasi-étale.
Proof. Suppose prime divisor Q 1 of Y is in B π , the branch locus of π. Then π −1 (Q 1 ) = P 1 and π * Q 1 = 2P 1 , where P 1 is a prime divisor of X.
the set B π . Hence these two sets are the same since π is surjective. We then have B π = 0, by the assumption. Thus, π and hence g • π = π • f and also f are quasi-étale. 
Moreover, K X is Q-Cartier and X is klt by [19, Lemma 2.27] .
Since the general fibre of X → Y is still P 1 , K X is not pseudo-effective over Y . By the relative cone theorem (cf. [19, Theorem 3.25] and [28, Theorem 1.1]), replacing I by a positive power, there is an I-equivariant contraction π C : X → B over Y of some K X -negative extremal ray R C . If π C is birational with E the exceptional locus, then
Thus the induced morphism π B : B → Y is generically finite and hence birational since p 2 has connected fibres.
Similarly, π B has to be isomorphic. So p 2 is a Fano contraction.
Note that D i is p 2 -ample. Then for some rational number t > 0,
by the cone theorem (cf. [19, Theorem 3.7] ). Denote by The following result is simple but useful.
Lemma 9.1. Let f : V → V be an invertible linear map of a positive dimensional normed real vector space V such that f (C) = C for a closed convex cone C ⊆ V which spans V and contains no line. Suppose f (x) = qx for some x ∈ C and q > 0. Suppose further that q is the only eigenvalue of f which has modulus q. Then the ray R x generated by x is extremal in C.
Proof. Let F be the minimal extremal face containing x and W the space spanned by The following is the key in the proof of Theorem 1.7 for the induction purpose. (1) KSC holds for f .
both the cone Nef(X) and the cone PE 1 (X); and Supp D is irreducible.
(3) Replacing f by a positive power, there is an f -equivariant MMP τ : X Y ′ which is a composition of some birational contractions followed by a Fano con-
Proof. If δ f = δ g , then we have Case (3) with τ = π. So it suffices to consider the case when δ f > δ g . We show by induction on ρ(X). If ρ(X) = 1, then we have Case (1) (cf. [14, Theorem 2] ). So we assume ρ(X) ≥ 2.
Note that 
Supp D is reducible. Then sD 1 − tD 2 ∈ Pic 0 (X) for some positive integers s and t. Note that f * (sD 1 − tD 2 ) = δ f (sD 1 − tD 2 ) and δ f > 1. Since the Albanese morphism of X is surjective by the assumption, we have sD 1 − tD 2 ∼ Q 0 by Proposition 3.3. Therefore,
Suppose B is not pseudo-effective. For a small effective ample Q-Cartier divisor E, 
Note that f * | N 1 (X) has only one eigenvalue of modulus δ f and δ f > δ g . Then δ f = δ f | Y ′ . So we have Case (3).
Proof of Theorem 1.7. If K X is pseudo-effective, then X is Q-abelian by [24, Theorem 1.9] (without using the Q-factorial condition on X). So (1) follows from Theorem 2.8.
For (2), we show by induction on dim(X). Since KSC holds for curves, assume dim(X) ≥ 2. By (1), we may assume K X is not pseudo-effective. Let I : X → X be an int-amplified endomorphism. By [28, Theorem 1.2] , replacing f and I by positive powers, we may run f and I-equivariant MMP
where
is still Q-factorial klt, and the descending of I to each X j is still int-amplified.
By Lemma 2.5, we may replace X by X r .
Note that any finite sequence of MMP starting from X is f and I-equivariant after iterations by [28 we may replace X by a lower dimensional one and we are done by induction (cf. Lemma 2.5).
Toric Characterizations and Proof of Theorem 1.11
In this section, we show that Case TIR 3 will not happen during any MMP starting from a rationally connected smooth projective threefold which admits an int-amplified endomorphism. The key of the proof is a characterization of a toric pair in the presence of an int-amplified endomorphism with totally invariant ramification.
Recall that a normal projective variety X over k is said to be toric or a toric variety if X contains an algebraic torus T = (k * ) n as an (affine) open dense subset such that the natural multiplication action of T on itself extends to an action on the whole variety X.
In this case, let D := X\T , which is a divisor; the pair (X, D) is said to be a toric pair.
We mainly focus on the following question in this section. we just need to verify the following two conditions for some ample Cartier divisor H:
is H-slope semistable. We will see late on that the second condition is not easy to verify and remains unprovable for the general int-amplified case. For the easy comparison with the polarized case, we will also consider the singular case.
We need the following to show the vanishing of c 2 (Ω 1 X (log D)). Since X is smooth in codimension 2, the adjunction formula gives
where ν * (K X + D) is regarded as the pullback of a divisorial sheaf. There is an endo-
In fact, we have
Note that h is int-amplified and c is reduced (cf. 
Proof. Let the open set U be as in Proposition 10.
is quasi-étale and by the purity of branch loci.
There is a natural morphism ϕ : f * Ω1
Then the projection formula implies
Lemma 10.4. Let f : X → X be a surjective endomorphism of a projective variety X. Suppose f * | N 1 (X) is diagonalizable with positive integral eigenvalues q ≥ p, and no other eigenvalues. Let H be an ample Cartier divisor. Then H = A+B for some nef Q-Cartier divisors A and B such that f * A ≡ pA and f * B ≡ qB. We are not able to show the slope semistability for the general int-amplified case.
However, the following case is enough for us to rule out Case TIR 3 in the proof of Theorem 1.11. Let F ⊂Ω 1 X (log D) be the maximal destablizing subsheaf with respect to H. Then:
Here a = p, or q, so a > 1. By the projection formula, we have Then for some k ≫ 1 and g := f k , we have
Let the open set U be as in Proposition 10.2. Let j : g −1 (U) ֒→ X be the inclusion map and let G := j * ((g * F )| g −1 (U ) ). Then µ A i ·B n−1−i (G) = µ A i ·B n−1−i (g * F ) > s.
Note that (g * F )| g −1 (U ) is a subsheaf of the locally free sheaf (g * Ω1 X (log D))| g −1 (U ) ∼ = Ω 1 X (log D)| g −1 (U ) . Since codim(X\g −1 (U)) ≥ 2 and j * is left exact, G is a coherent subsheaf ofΩ 1 X (log D) . So we get a contradiction.
With the preparation done, we have the following criterion of toric pairs. Proposition 10.7. Let f : X → X be an int-amplified endomorphism of a rationally connected smooth projective variety X with totally invariant ramification, i.e., f −1 (Supp R f ) = Supp R f . Suppose X admits some MMP
where X i X i+1 is birational and π : X r → Y is a Fano contraction. Then we have:
(1) Replacing f by a positive power, f * | N 1 (X) is diagonalizable with one or two positive integral eigenvalues, and no other eigenvalues; f descends to int-amplified endomorphism f i of X i (i ≤ r), and each f i still has totally invariant ramification.
(2) (X i , Supp R f i ) is a toric pair for each i ≤ r. Let W be the graph of τ and let p 1 : W → X and p 2 : W → X r be the two projections.
Then f lifts equivariantly to a surjective endomorphism h : W → W . Let E be an exceptional prime divisor of τ . Write f * E = aE for some a > 0. Thus f * | N 1 (X) has positive integral eigenvalues δ g and q, and no other eigenvalues. (1) is proved. Indeed, R f i is the (birational image) of R f and f −1 i (Supp R f i ) = Supp R f i holds for i = 1 and hence for all i.
By (1) and Theorem 10.6, (X i , Supp R f i ) is a toric pair for i = 1, and hence for all i ≤ r. Indeed, let T be the big torus acting on X. Then the MMP is T -equivariant, and T stabilizes Supp R f i for i = 1 and hence for all i. 
where X i X i+1 is birational and π : X r → Y is a Fano contraction. Let f be a surjective endomorphism of X. Replacing f by a positive power, we may assume f ∈ G.
By Theorem 1.7, it suffices to show that f r := f | Xr : X r → X r does not satisfy Case
Suppose the contrary. Then dim(Y ) = 1, and Y ∼ = P 1 since X is rationally connected.
By the assumption, G contains (a positive power of) an int-amplified endomorphism I : X → X. Replacing f by f k • I for some k ≫ 1, we may assume f is also int-amplified and f r still satisfies Case TIR 3 (cf. [28, Theorem 1.4] ). So f r and hence f have totally invariant ramification (the MMP being G-equivariant). By Proposition 10.7, X r is toric, contradicting the assumption κ(X r , −K Xr ) = 0.
